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COMPUTATION OF 'PIERCE ELECTRODES' FOR A RELATIVISTIC
HIGH-CURRENT ELECTRON BEAM SOURCE
W. DOMMASCHK
Max-Planck-Institut fur Plasmaphysik, Garching, Germany
For an axisymmetric high-current electron beam source with plane field emission cathode accelerating field
structures around stationary beams of high quality are computed. This is accomplished in two main steps. In the
first step a sufficiently self-consistent mathematical model for the electron flow and electric potential distribution in
the region occupied by the beam is given. This model includes self-magnetic fields. It is determined by a system of
simultaneous analytic differential equations whose integration yields the shape of the beam border and a corre-
sponding voltage and normal field distribution along this boundary. In the second step the potential is continued
from this boundary into the space-charge-free region outside the beam. This involves solving a Cauchy initial
value problem for the Laplace equation. Since this equation is elliptic, the problem cannot be solved in a stable
manner by a numerical algorithm which works in the real space of the coordinates only. By a method due to
Garabedian stable results are obtained, however, in our case by extending the Cauchy data and the computational
process for complex values of the coordinates. This computation finally yields a system of equipotential surfaces
outside the beam which can practically be achieved as in Pierce systems by correspondingly shaped accelerating
electrodes.
1. INTRODUCTION
In the development of electron ring accelerators
suitable electron sources are required. What is
needed is a nearly parallel electron beam a few
centimetres in diameter whose emittance and
spherical aberration should be small. Thebeam
energy and current are of the ,order of a few
million electron volts and several hundred amperes
respectively. This paper concerns the electron
optical design of a source with a quasi-plane field
emission cathode using pure electric acceleration
and beam forming. Among the different ap-
proaches for solving this problem, as described,
for example, in Ref. 1, a direct numerical procedure
is used \vhich is, in principle, a generalization of
the classical Pierce method for axially symmetric
beams with a curved boundary. First a solution
for the beam region is given which is consistent
with Poisson's equation and the equation of
motion for the electrons. Furthermore, it can be
extended for 90mplex values of the coordinates.
This last feature is essential for the potential
continuation method described in Sec. 3. This
solution states Cauchy initial conditions along the
curved beanl border which have to be satisfied
together with the Laplace equation by the potential
outside the beam. As is well known in the real
space Cauchy initial conditions where both the
value and the nornlal derivative of the potential
are prescribed lead to numerically unstable results
since the Laplace equation is elliptic. After a
suitable coordinate transformation a numerically
stable solution according to Garabedian2 can,
however, be obtained. The Cauchy conditions and
the Laplace equation as written in the transformed
coordinates are thereby extended along a fictitious
imaginary direction of one coordinate. As is
shown in Sec. 3, the problem can be restated in
this case as an initia~-value problem for a hyper-
bolic partial differential equation which allows
for numerically stable solutions. This method was
successfully applied by Harker3 in the case of a
nonrelativistic hollow electron beam. In our case
this method yielded reasonable potential dis-
tributions in the region of interest around the beam.
One of the computed potential configurations was
realized by corresponding accelerating electrodes
in an actual electron beam source which then
proved superior to commercial tubes.4 ,s Ex-
perimental and computational details are given in
Refs. 5 and 6 respectively.
2. SOLUTION FOR THE BEAM
For the beam region a systetTI of differential
equations shall be given which determines the
shape of the beam border and the potential
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N
O(z,p) = L lJIn(z)(Bn(p)-Bn(O)) (5a)
n=l
where the space charge density is related to the
current density vector j by:
y(4)) = 1+ 4> and
f3(¢) = (¢(2+¢))1/2j(1 +¢) (6)
where U is the potential. Since VE = u Ieo, where u
is the space charge density and 80 the vacuum







A.U = - U/80
R(p) = -IJloj2np for p ~ R(z)
Because of the foregoing assumptions the mag-
netic induction has only an azimuthal component
B. If I > 0 denotes the total electron beam current,
which is a constant, it follows from the Stokes
theorem:
Here the integer N is to be given. The problem is
to determine the unknown functions R(z), <I>(z),
lJIn(z), Bn(p) for n = 1,2, ... ,N. If these are given,
the Cauchy conditions for the subsequent potential
continuation can be determined from them (see
Sec. 3). In Eqs. (5), (5a) <P is the normalized
potential at the beam axis (p = 0) and 0, which is
zero at the axis, is the normalized radial potential
difference. From the normalized potential 4> the
relativistic mass ratio y and velocity ratio f3 are
given by:
We introduce the axial and radial coordinates z and
p respectively, where z = 0 at the cathode. The
potential is normalized according to 4> = UjUo,
where Uo = moc2 je and c is the velocity of light.
If p = R(z) describes the shape of the beam border,
we use the following representation for the normal-
ized potential 4>, which shall be valid in the range
O~p~R(z):
4>(z, p) = <1>(z) +O(Z, P) where: (5)
the velocity vector, e >.0 the electron charge, mo
the rest mass, E the electric field vector and B the
vector of the magnetic induction. From the steady-
state assumption we have:
where t is the time, y the relativistic mass ratio, v
distribution in this region. We assume steady-state
conditions, rotational symmetry, zero emittance of
the beam, no external magnetic field and an
equipotential field emission cathode where the
initial energy of the electrons is zero. This implies
that the particle velocity and the current density in
the beam have no azimuthal component. Two
further assumptions concern the self-consistency.
The beam equations to be given are self-consistent
in a practical or numerical sense rather than in a
strictly mathematical sense. First it is assunled
that the beam border is an electron path. Together
with the foregoing assumptions this assumption
is admissible in any case for a beam of finite length
if the slope of all particle paths is sufficiently
small. Secondly, the radial variation of the space
charge density in the beam is assumed to be a
linear function of the radial potential difference
whose coefficients depend on the axial position.
As can be seen below, this assumption is admissible
in any case if the slope of the particle paths, the
relative radial potential difference in the beam and
the relative radial current density variation are
sufficiently small relative to unity. This also
implies a sufficiently homogeneous emission at
the cathode. These self-consistency assumptions
are largelY justified by the results. The maximum
slope of the beam border is in most cases less than
100 mrad. The maximum relative radial variation
of the space charge density with the potential
amounts to a few per cent only. The maximum
angular deviation in the slope of the beam border
froIn the virtual focus point of a paraxial electron
path was found to be less than 5 mrad in all cases.
This should also indicate a small current density
variation over the beam cross section. Even if
this were not the case, this would have little
influence on the potential and the normal electric
field at the beam border, which finally d~termine
the potential distribution outside the beam. This
is so because these quantities are mainly determined
by the given constant value of the total beam
current rather than by the special shape of the
internal current density distribution.
The paths of the electrons are determined by the
equation of motion:
d(moyv)jdt = -e(E+v x B). (1)
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3. CONTINUATION OF THE POTENTIAL
Since this transformation is conformal the new u-v
z+ip = iR(u+iv)+u+iv or: (15)
z = (i/2)(R(u+iv)-R(u-iv»+u (15a)





<Il" = Fo(z)- ~ Pn
1
p n" = - (F1(z) +An2) Pn
Bn(p) = Jo(iAnP)/An2
Here primes denote differentiation with respect to
z; An2 for n = 1, 2, ... , N are separation constants;
i = ..j-1 and Jo is the zero-order Bessel function.
Together with Eq. (8) and related equations these
equations determine a solution for the beam region.
A concrete example is given in Sec. 4 and the
numerical result is shown in Fig. 3.
According to Ref. 6 the maximum relative space
charge error b is estimated to be
and Eq. (5a) for 4J and einto Eq. (10), this equation
must be satisfied for independent and arbitrary
values of z and p. This is the case jf the functions
in the expression for 4J are determined by:
16 1 ~ I R2/Rp2_I-R'2/4\ +302/2/34(C'P)y4(<p) (14)
Here Rp is the solution of the paraxial form of
Eq. (8), where 1+p'2 --+ 1 and 8/cP --+ O. This error
can be kept small if (J is zero or goes to zero faster
than z near the cathode. The same condition is
necessary to get a constant field and a homogeneous
current density distribution at the cathode plane.
In the example given in Sec. 4 this was realized by
dividing the beam into two parts by a plane grid
electrode where 8 = 0 in the first part (see Fig. 3).
In this case b was in the order of 10- 2 or less.
The mathematical procedure to determine the
potential outside the beam region is similar to that
used by Harker. 3 First the original initial-value
problem for the Laplace equation is formulated
in suitable coordinates. For this purpose the
following coordinate transformation is made which
maps the real z-p plane into the real u-v plane
and the beam border p = R(z) into the u-axis at
v =0:
where 110 is the vacuum permeability. In accord-
ance with the first self-consistency assumption the
radial component of Eq. (1) yields a differential
equation for R(z) if z is introduced instead of t in
this equation. We use the normalized beam
current K= I/nUecBo, where c = (BoJ10)-1/2, and
get:
d(f3yR'/~1+R'2)/dz = (8¢/8p)· ~/1+R'2 /f3 -K/2R
(8)
where R ' = dR/dz and y, f3 and 8¢/8z are to be
evaluated at p = R(z) from the above expressions.
The equations which determine the unknown
functions in Eqs. (5), (Sa) have to be obtained from
Poisson's equation. For this purpose a suitable
expression for the space charge density must first be
given. From Eq. (4) we get a = Ij 1/1 v I and
jz/I j I= vz/I v I, where jz and Vz are the axial com-
ponents of j and v respectively. If p = r(z) is an
electron path somewhere in the beam and r' =
dr/dz, we have Iv I/vz = (1 +r'2) 1/2 and get:
a = jz(I + r '2 )1/2/ f3c (9)
If (J ~ ¢ or 1- f3 ~ 1 a first-order Taylor expansion
of 1/f3 with respect to (J can be made in this ex-
pression. In accordance with the assumptions, r'
and the relative change of jz =jz(z, p) with respect
to p should be small relative to unity. In this case
the numerator of Eq. (9) can be replaced by its
approxinlate average <jz(I + r'2)1 /2) ~ <jz) · (1 +
<r'2 )/2) over the beam cross section. The average
of jz is obviously given by <jz> = -I/nR2(z).
Since under our conditions all electron paths are
nearly similar to each other, we assume r' ~ rR'/R
to get the average of r '2 , which is (r '2 ) ~ R '2 /2 in
this case. The resulting expression for a can now
be inserted into Eq. (3), which yields for the
normalized potential ¢:
il¢(z,p) = Fo(z)-F 1(z)8(z,p) where:
(10)
Fo(z) = K(l +R'2(Z)/4)/R2(z)f3(C'P(z»
(lOa)
(lOb)
After inserting the explicit expressions Eq. (5)
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coordinates are orthogonal to each other and the
Laplace equation is of the form7 :
reason they are written as a set of simultaneous
first-order differential equations:
o(po¢jou)jou+o(po¢jov)jov = 0 (16) drjdz = a(r) (20)
o(po¢joy)joy-o(po¢jov)ov = 0 (19)
Here p is to be expressed by Eq. (15b) as a function
of u and v. This equation has to be solved in a
limited region for v ~O and ¢ must satisfy the
following Cauchy initial conditions along the
u-axis at v = 0:
where x, y and v remain real. Correspondingly, ¢
is extended for complex values of u (where ¢
becomes complex). Since for analytic functions
ojou = ojox = ojo(iy), the Laplace equation (16)
may be rewritten as:
where p is complex since it is to be expressed by
Eq. (15b) for complex values of u. Equation (19)
is hyperbolic and has the real characteristics
v = const ± y. The derivatives in this equation
with respect to y and v mean that the other two
coordinates x and v or x and y respectively are kept
constant. If ¢ is looked at as a function in the
x-y-v space, it obeys an elliptic equation in the
original plane y = 0 (which is the real u-v or z-p
plane) but obeys a hyperbolic equation within
planes x = const which are orthogonal to the
original plane. The beam equations in Sec. 2 can
also be extended for complex values of u. For this
where the compont(nts of r = r(z) are given by
R'(z), R(z), <I>'(z), <I>(z), P l'(Z), P l(Z), ... , PN(Z).
The components of a(r) are the right sides of the
corresponding componential differential equations
which may easily be obtained from Eqs. (8), (11)
and (12). First Eq. (20) is integrated for real values
of the argument z. Then an extension of r(z) for
y 1= 0 is made within the plane v = 0 as follows.
Under the conditions x = const and v =const =
o we obtain from Eqs. (15a) and (18) drjdy=
(drjdz)(dzjdy) = idrjdz or with Eq. (20):
drjdy = ia(r), for
x = const and v = const = 0 (21)
Starting at y = 0 and v = 0, where z = x is real and
the initial value rex) is known from the previous
integration, Eq. (21) can also be integrated. This
yields a complex r(z) for the complex argument
z = u = x+iy at v = 0, where p = R(u) and R(u)
becomes complex, too.
With these results ¢, ¢p, ¢z and ¢v = o¢jov,
i.e. the Cauchy initial conditions Eq. (17) can also
be extended for complex values of u. From
Eqs. (5), (5a), (13) and (17) we obtain for v = 0,
wherez= AU = x+iy:
N
¢ = <I>(u) + L lJJn(u)(Jo(iAnR(u))-1)jAn2 (22)
1
N
¢z = <I>'(u) + L Pn'(u)(Jo(iAnR(u))-1)jAn2 (23)
1
N
¢p = - L iPn(u)J l(iAnR(u»jAn (24)
1
N
¢v = - L [iPn(u)J1(iAnR(u)fAn+R'(u)Pn'(U)
1
x (Jo(iAn R(u»-1)jAn2 ] -<I>'(u)R'(u)
(25)
where J 1 is the first-order Bessel function.
The solution of the whole continuation problem
can now be illustrated with the aid of Figs. l(a)
and 1(b). Figure l(a) shows the real z-p plane
which corresponds to the plane y = 0 in Fig. l(b).
The portion AB of the curved beam border maps
(18)u = x+iy
¢ = ¢(z, p), o¢jov = ¢p-¢zR'(z) for
z = u, p = R(u) (17)
Here R' = dRjdz and ¢P' ¢z are the expressions for
the partial derivatives of ¢ with respect to p and z
obtained from Eqs. (5), (5a) and (13). Since
Eq. (16) is elliptic, an attempt to solve this problem
by finite difference methods in the real u-v plane
leads to numerically unstable results even if the true
solution is regular. As shall now be shown,
this problem can, however, be reformulated in the
form of a well-posed hyperbolic initial-value prob-
lem if an analytic continuation of the Cauchy
initial conditions Eq. (17) for complex values of u
is available. In this case numerically stable
results can be obtained for regions where the true
solution has no singularities.
We extend u to complex values and write:
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The potential is thus finally found at discrete points
along the curve BC (which is not an equipotential
line!) in the original real z-p plane in Fig. l(a).
The potential distribution outside the beam is thus
obtained by repeating the described process for a
















The numerical integration of Eqs. (20) and (21)
was done by the usual library subroutines. The·
right sides of Eq. (21) were thereby computed in
complex arithmetic and numerically split into their
real and imaginary parts to get the two corre-
sponding real differential equations. For the hyper-
bolic partial differential Eq. (19) the following
simple explicit difference algorithm was used:
cP4 =
cPt(l- hpy/2p) - cP2(1- hPv/2p) +<P3(1 +hpy/2p)
1+hPv/2p
FIG. 2. Mesh pattern for Eq. (26).
(26)
The complex potentials cPt to <P4 are thereby
taken at the relative positions 1, 2, 3, 4 around
some intermediate point 0, as indicated in Fig. 2,
h is the mesh size which was made equal in both
directions and p together with its partial derivatives
Py, Pv is to be taken at the intermediate point o.
Figure 2 corresponds to the triangular area B'D'C'
in Fig. l(b). The origin k =j = 0 in Fig. 2 thereby
corresponds to point B' and the dotted line indi-
cates the characteristic v = L - y of Fig. 1(b).
From the previous integration ofEq. (21) R' = R m',
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FIG. 1. Illustration of the potential continuation
method on the real z-p plane and in the corre-
sponding fictitious x-y-v space.
into the straight line A'B' at the x-axis in Fig. 1(b).
The triangle E'D'C' in Fig. l(b) is parallel to the
y-v plane, i.e. normal to the x-axis. It is bounded
by the straight lines v = 0, v = L-y, v = L+y
respectively for x = const, where the last two lines
are characteristics of Eq. (19). The straight line
B'C' in this triangle maps into the curved part BC
in Fig. l(a), which intersects the beam border at
B in a right angle. Equation (20) is now integrated
from A to B or A' to B'. Equation (21) is then
integrated from B' to D' and complex Cauchy
initial conditions are generated there by Eqs. (22)
to (25). With these initial data the hyperbolic
equation (19) can be solved in the triangle B'D' C'
by a stable finite difference algorithm. At y = 0,
where cP must be real, the reflection principle is
used as a boundary condition along B'C'. This
principle states in our case that any regular complex
function which is real at y = 0 changes to its
complex conjugate if the sign of y is' reversed.
After the solution of Eq. (19) cP is known at
discrete points along B'C'. The z-p coordinates of
these points are obtained by Eqs. (15a), (15b).
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equidistant discrete points y = hm for m = k = 0, 1
2, . . . , at j = °in Fig. 2. At the mesh point 0,
whose position is described by the integers j and k
we then get from Eqs. (I5b) and (18):
p = (i/2)(Rk + j +Rk _ j )+hj (27)
Pv = (if2)(R~+ j - R~_ j)+1 (28)
Py = (if2)(R~+j+R~_j) and (29)
R_m'= Rm*, R'-m = R~* (30)
where the asterisk denotes the complex conjugate.
Thus P, Pv and Py are known functions of the
position of the intermediate mesh point o. Equa-
tion (26) is evaluated at the consecutive positions
j = 0, k = 1,3, 5, ... , k L -I,j = 1, k = 0, 2, 4, ... ,
k L -2,j=2, k= 1,3,5, ... , k L -3, ... of the
intermediate point o. If k = 0, <P1 is given as the
complex conjugate of <P3' If j = 0, <Pl and <P3 are
given by Eq. (22) for m = k-I and m = k+ 1
respectively. In this case 4)2 is given by:
) '2 2 )<P2 = (<Pi +<P3f2-<pv h-(I+R k)<jJph f2Rk (31
where <pp and <Pv are given by Eqs. (24) and (25)
for m = k.
At the end of this calculation real values of <jJ
result at the points k = 0, j = 0, 2, 4, ..' . in Fig. 2,
whose z- and p-coordinates are given according to
Eqs. (I5a) and (I5b) by:
z = (if2)(Rj -Rj *)+x (32)
p = (If2)(Rj +Rj *)+hj (33)
Points in the z-p plane corresponding to pre-
scribed potential values can be found by interpola-
tion. After repeating the whole continuation
process for a sufficiently large number of different
x-values and after topological ordering of th~ inter-
polated points, equipotential lines can be drawn by
the usual plotting routines.
5. RESULTS
Figure 3 shows a beam configuration which was
computed together with the appropriate equi-
potential lines. It corresponds to an electron
source which yields a weakly divergent electron
beam about 2 cm in diameter, 1 kA and 2 MeV.
A grid electrode at 322 kV with respect to the
cathode is placed 1 cm distant from the emission
area (3 cm in diameter) at whose surface a field
strength of 230 kVfcm is maintained at a total
emission of 1.2 kA. Field strengths of this order
of magnitude are necessary, for example, at quasi-
plane cathodes made out from stacked razor
blades. 5 Between the cathode and the grid all
Pn in the beam equations (6), (7) were set equal to
zero, corresponding to 0 = 0, to get the conditions
for homogeneous emission. The beam equations
were integrated numerically except near the
cathode, where power series solutions have been
given. 6 In the same way the effect of the spherical
>
~ >
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beam axis
FIG. 3. Example of a beam and equipotential line
configuration corresponding to a l-kA, 2-MeV elec-
tron source.
aberration in the beam was found. In the given
example the corresponding angular deviation of
the beam border was found to be less than 1 mrad
near the anode (2 MV equipotential surface).
Between the grid and the anode Pi ~ 0 was used
in the beam equations, where P 1 = 0 at the grid.
This corresponds to a radially increasing potential
(0 ~ 0) in the beam, which in effect slightly over-
compensates the magnetic force and reduces the
beam convergence caused by 0 = 0 near the cathode.
Owing to the different form of the beam equations
used at either side of the grid, two different shaped
equipotential surfaces emerge from the grid.
They do not overlap and can thus be real-
ized by the surfaces of a solid electrode as
indicated. The proper shape of the anode surface
was achieved by a suitable choice of the initial
condition for Pi' at the grid and the separation
parameter Ai' which are not otherwise determined.
The beam equations allow for a variety of different
solutions. Since 'l! 1 is an oscillating function
(for real Ai)' configurations with a second grid at
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the anode are also possible. A corresponding
configuration which was practially realized is shown
in Refs. 4 and 5. Further examples are given in
Ref. 6 where, in addition, a comparison with the
results of an unstable calculation is made.
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